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Elastic waves guided along bars of rectangular cross section exhibit complex dispersion. This
paper studies in-plane modes propagating at low frequencies in thin isotropic rectangular waveguides
through experiments and numerical simulations. These modes result from the coupling at the edge
between the first order shear horizontal mode SH0 of phase velocity equal to the shear velocity VT
and the first order symmetrical Lamb mode S0 of phase velocity equal to the plate velocity VP . In
the low frequency domain, the dispersion curves of these modes are close to those of Lamb modes
propagating in plates of bulk wave velocities VP and VT . The dispersion curves of backward modes
and the associated ZGV resonances are measured in a metal tape using non-contact laser ultrasonic
techniques. Numerical calculations of in-plane modes in a soft ribbon of Poisson’s ratio ν ≈ 0.5
confirm that, due to very low shear velocity, backward waves and zero group velocity modes exist
at frequencies that are hundreds of times lower than ZGV resonances in metal tapes of the same
geometry. The results are compared to theoretical dispersion curves calculated using the method
provided in Krushynska and Meleshko (J. Acoust. Soc. Am 129, 2011).
I. INTRODUCTION
Early studies on the propagation of elastic waves in
thin elongated strips were motivated by the need for
long time ultrasonic delay lines. Today, rectangular elas-
tic waveguides are encountered in miscellaneous contexts
at different scales, from civil engineering structures to
cantilever, micro-electromechanical systems (MEMS), or
even in nanotechnology.1,2 Thin elastic waves guides are
also present in biological systems as for example, ten-
dons and ligaments in the musculosquelettal system3 or
the basilar and the tectorial membranes in the cochlea.4
Elastic waves propagation in these elongated structures
is quite complex, several modes can propagate with in-
teresting dispersion properties that strongly depend on
the material Poisson’s ratio. In particular, some modes
exhibit negative dispersion.
The existence of backward elastic modes propagating
in homogeneous waveguides is well known and has been
put in evidence in the past century.5 Experimental ob-
servations of these modes were first reported in wires6,7
and then for plates.8 At the minimum frequency of a
backward mode, the resonance associated to the zero
group velocity (ZGV) mode was pointed out by Tolstoy
and Usdin9 and observed by Holland and Chimenti
using air coupled transducers.10 Then non-contact laser
ultrasonic techniques allowed precise measurements and
thorough analysis of these modes in metal plates,11–14
but also in circular hollow cylinders15,16 and rods.17
While elastic guided modes in isotropic plates and cir-
cular cylinders are well described by an analytical for-
mulation of the dispersion equations, the theory of elas-
tic rectangular waveguides is much more complex. In-
deed, the modes cannot be expressed in a closed form,
except for some particular width-to-thickness ratio that
were determined by Mindlin and Fox.18 Since the sem-
inal work of Morse,19 several low frequencies approxi-
mations were proposed, for example, Medick used a one
dimensional quadratic approximation allowing the cal-
culation of the first eight breathing modes.20 More re-
cently, several studies based on numerical simulations
using finite and boundary element methods provided ap-
proximate dispersion curves.21–26 A complete review of
the theory can be found in the papers by Meleshko and
Krushynska27,28 where the dispersion equations of rect-
angular elastic bars are formulated as infinite series and
normal modes are studied for various width to thickness
ratio and material parameters. The existence of several
backward modes for Poisson’s ratio up to 0.5 was pointed
out for bars of width-to-thickness ratio higher than 5 in
the study by Krushynska et al. (section III of paper28).
In addition to these theoretical studies, the large
majority of experimental results found in the literature
deals with flexural modes at low frequencies. Seventy
years ago, Morse measured dispersion curve on bars
of different width-to-thickness ratios and compared
them with low frequency approximation.29 Twenty
years later, the dispersion curves of higher order modes
including backward modes were measured by Hertelendy
in a square bar of an aluminum alloy.30 More recently,
several dispersion curves were measured in wooden
bars by Veres et al. using laser interferometry and
then compared to numerical simulations of a wooden
orthotropic beam.31 Lately, Serey et al. addressed
the selective generation of pure guided waves in an
thin metal bar of rectangular cross-section using three
component interferometry and an array of transducers,
in a frequency range below the shear cut-off frequency.32
They were able to detect and generate modes with
dominant out of plane displacement corresponding to
edge reflections of the A0 Lamb mode. In picosecond
acoustics, Jean et al. have measured elastic resonances
and a backward mode in gold nano-beam of rectangular
cross section (370-nm wide and 110-nm thick). With
semi-analytical finite element simulations (SAFE), the
backward wave was identified as the first dilatational
mode.2 Very few studies report on measurments of
in-planes modes. Cegla et al. detected shear horizontal
mode propagating in a steel tape with a dual laser
probe at frequency far above the shear cut-off frequency
where the mode is non-dispersive and propagates at the
shear wave velocity.25 In-plane guided waves were also
observed by Sellon et al. in ex-vivo tectorial membranes
using optical means.4
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In the present paper, we consider the low frequency
in-plane modes propagating in thin rectangular bars.
We study the corresponding backward mode and asso-
ciated ZGV resonances for metal tapes as well as soft
ribbons. The low frequency in-plane guided modes of
rectangular tapes are described in section II. The disper-
sion curves are calculated for a metal and a soft strip
following Krushynska et al.28 and compared to the corre-
sponding Rayleigh-Lamb (RL) modes approximation. In
section III, ZGV resonances and dispersion curves of in-
plane modes measured using laser ultrasonic techniques
are presented and compared to the theory. In the last
section IV, comparison between modes propagating in
hard and soft ribbons is achieved through numerical sim-
ulations.
II. IN-PLANE MODES OF A THIN
RECTANGULAR BEAM
At low frequencies, an isotropic plate supports the
propagation of only three modes : the shear horizontal
mode SH0, the compressional symmetric S0 and the flex-
ural antisymmetric A0 Lamb modes. The symmetrical
SH0 and S0 modes are both in-plane and non-dispersive:
while the phase velocity of SH0 is the shear velocity VT ,
the S0 phase velocity is approximated by the plate ve-
locity VP expressed from the bulk velocities VL and VT ,
as
VP = 2VT
√
1− V
2
T
V 2L
. (1)
This approximation is valid for frequencies f smaller than
the first shear cut-off frequency VT /(2d), where d is the
plate thickness.33
If the plate is bounded in the transverse dimension,
thus forming a rectangular waveguide of width b  d,
then the in-plane modes SH0 and S0 are coupled through
reflections at the edges (Fig. 1). As shown by Morse19
and by Medick and Pao,34 this coupling is very similar to
the one of shear and compressional bulk waves in a plate.
The resulting guided modes have dispersion curves close
to those of Lamb modes in a plate of thickness b and of
bulk wave velocities VP and VT which corresponds to a
material of Poisson’s ratio
ν′ =
ν
1 + ν
, (2)
where ν is the Poisson’s ratio of the beam material.
SH
0
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FIG. 1. In-plane modes conversion in a thin rectangular
beam.
The calculation of guided modes in a rectangular
waveguide28 is described in Krushynska et al. Like in
the earlier paper by Fraser,35 the modes are classified
in four families depending on the displacement symme-
tries: the longitudinal L-modes, the torsional T -modes,
the bending Bx-modes and By-modes. For thin beams
with the smallest dimension along y-axis, the symmetri-
cal in-plane S′-modes correspond to the longitudinal L-
modes and the anti-symmetrical in-plane A′-modes to the
bending Bx-modes. In Krushynska et al. ,
28 the low fre-
quency approximation of in-plane modes was confirmed
for a plate of width to thickness ratio b/d = 5 and of
Poisson’s ratio ν = 1/4, and for frequencies up to four
times the first cut-off frequency VT /(2b).
The first symmetrical mode, here denoted S′0, is non
dispersive below the first cut-off frequency and has a
phase velocity V ′P slightly lower than the plate velocity
VP and equal to
V ′P = 2VT
√
1− V
2
T
V 2P
. (3)
Using the plate to shear velocity ratio
VP
VT
=
√
2
1− ν =
√
2(1− ν′)
1− 2ν′ , (4)
a remarkably simple formulation of the pseudo-plate ve-
locity to shear velocity ratio is obtained
V ′P
VT
=
√
2
1− ν′ =
√
2(1 + ν). (5)
In fact, the velocity V ′P is the bar velocity
√
E/ρ, which
is the velocity of the low frequency longitudinal mode in
an elastic guide of finite cross-section as established by
Lord Rayleigh.36 Noteworthy simple expressions of the
velocities are found for two particular cases. For ν =
1/3 the plate velocity is VP =
√
3VT then ν
′ = 1/4 and
the velocity of the S′0 mode at low frequencies is V
′
P =√
8/9VP ≈ 0.94VP . For soft materials ν approaches 0.5,
the plate velocity is VP = 2VT which is much smaller that
the longitudinal velocity.37 Thus, in soft ribbon the bar
velocity is V ′P =
√
3VT . These remarkable parameters
are gathered in Table I.
TABLE I. Remarkable plate and bar velocities.
Material ν ν′ VP V ′P
Metal 1
3
1
4
√
3VT
√
8
3
VT
Soft 1
2
1
3
2VT
√
3VT
Here, using the Meleshko Krushynska (MK) model,28
theoretical dispersion curves are calculated for a Dura-
luminum tape of thickness d = 2 mm, width b = 30 mm
and bulk velocities VL = 6400 m/s, VT = 3140 m/s.
In Figure 2(a), the normalized frequency fb/VT is
represented as a function of the dimensionless wave
number kb. Lamb modes in a plate of bulk velocities
VT and VP and thickness b are also displayed for
comparison. A very good agreement with the Lamb
modes approximation is observed for frequencies up
to f = 4VT /b. As in a plate, several backward and
ZGV modes exist. They occur when a shear (or SH0)
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FIG. 2. In-plane modes dispersion curves calculated with MK-model for solid and soft strips of width b = 30 mm, thickness
d = 2 mm and Poisson’s ratio ν, compared to the Rayleigh-Lamb modes for a plate of thickness b and Poisson’s ratio ν′ =
ν/(1 + ν). Thick red, blue and green solid lines are the first two Lamb modes and the first shear mode of a plate of thickness
d and Poisson’s ratio ν; the red dashed line indicates the plate velocity. (a) Duraluminum tape of Poisson’s ratio ν = 0.34, (b)
soft ribbon of bulk wave velocities VL = 1500 m/s and VT = 5 m/s. The cut-off frequency of S
′
1 mode is fb = VT . The S0
mode coincides with the straight line 2pif = VP k while the S
′
0 mode is close to the line 2pif = V
′
P k for fb < 0.4VT .
cut-off frequency nVT /b is close to a plate mode (or
S0) cut-off frequency mVP /b of the same symmetry.
S′1S
′
2- and A
′
2A
′
3-ZGV points are found at frequency
wave number (fb/VT , kb) = (0.824, 1.77) and (1.49, 1.95)
respectively [Figure 2(a)]. The thick solid lines represent
the first modes A0, S0, and SH0 of an unbounded plate
of thickness d. For higher frequencies, between A0 and
SH0 modes, the A
′
0 and S
′
0 modes converge towards the
edge or pseudo-Rayleigh mode.
While in plates, the S1S2-ZGV Lamb mode only ex-
its for Poisson’s ratio below 0.451,38 in thin rectangular
beams, the S′1S
′
2-ZGV mode exists for any Poisson’s ra-
tio. The behaviour of in-plane modes is particularly in-
teresting in the case of soft material. Indeed, for ν ≈ 0.5,
the plate velocity VP is equal to 2VT which results in a
Dirac cone at the frequency f = VT /b as it happens for
Lamb modes in a plate of Poisson’s ratio ν = 1/3.5,39,40
This is illustrated in Figure 2(b) displaying the in-plane
mode dispersion curves for a 2 mm thick and 20 mm
wide tape of velocities VL = 1500 m/s and VT = 5 m/s
(ν = 0.4998). Such low shear velocity corresponds to typ-
ical velocities measured in agar gel or soft tissues. The
second SH0 cut-off frequency coincides with the first S0
cut-off frequency f = VP /(2b) and the repulsion between
the branches S′1 and S
′
2 results in a 8% relative band-
width S′2b backward branch (from 230 to 249 Hz in the
presented case). For both branches, the group velocity re-
mains finite as k → 0 and converges to Vg = 2VT /pi.5 The
S′1S
′
2-ZGV mode occurs at a frequency × width product
fb = 4.53 kHz.mm which is more than two orders of mag-
nitude lower than the frequency × width product of the
same ZGV mode in a metal tape fb = 2.64 MHz.mm.
As for plates or cylinders, the existence of ZGV modes
depends on the material elastic parameters. For isotropic
thin rectangular beams, this dependence is illustrated in
Figure 3(a) displaying cut-off and ZGV resonance fre-
quencies versus Poisson’s ratio. Horizontal and increas-
ing curved thin lines corresponds to SH0 and S0 width
resonances, respectively. It appears that, while the S′1S
′
2-
ZGV mode exists for all Poisson’s ratio, the A′1A
′
2-ZGV
mode exists for Poisson’s ratio ν up to 0.47. Using the ap-
proach proposed in Clorennec et al. for plates,15 the res-
onance parameter β′1 is defined as the ratio of the S
′
1S
′
2-
ZGV frequency to the first S0 cut-off frequency VP /(2b)
and β′2 is defined as the ratio of A
′
1A
′
2-ZGV frequency
to the third SH0 cut-off frequency 3VT /(2b). There is a
one-to-one correspondence between ratio of the first two
ZGV resonances 3β′2VT /(β
′
1VP ) and the Poisson’s ratio
[Figure 3(a)]. As a consequence and similarly to plates,
the measurement of the first two local resonances pro-
vides the material Poisson’s ratio of the rectangular tape.
III. MEASUREMENTS ON A METAL TAPE
In-plane guided modes are observed on metal strips
using non-contact laser ultrasonic techniques. A Q-
switched Nd:YAG (Yttrium Aluminium Garnet) laser
providing 8-ns pulses of 10-mJ energy at a 8-Hz repeti-
tion rate (Quantel Centurion) is used as a thermoelastic
source. The laser beam of diameter 2.5 mm is focused
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FIG. 3. In-plane modes of a thin ribbon: (a) Normalized
cut-off (thin lines) and ZGV frequencies (thick lines) as a
function of the material Poisson’s ratio; the thin horizontal
lines correspond to SH0 cut-off frequencies, (b) Variations of
the resonance parameters β′1 and β
′
2 versus Poisson’s ratio,
(c) Ratio between A′2A
′
3- and S
′
1S
′
2-ZGV frequencies.
into a narrow line with a beam expander (×4) and a
cylindrical lens (focal length 250 mm). The full length of
the source at 1/e of the maximum value was found to be
10 mm and the width was estimated to be 0.3 mm. With
this features, the absorbed power density was below the
ablation threshold. The source length is smaller than the
optimal length to generate a ZGV mode but reasonable
to generate several in-plane modes.41
In order to generate modes with symmetrical displace-
ment component uz, the line source was located in the
middle of the tape edge (plane z = 0). Then, to de-
tect in-plane modes, the normal surface displacement uy
was measured on the opposite edge with a heterodyne
interferometer equipped with a 100-mW frequency dou-
bled Nd:YAG laser (optical wavelength Λ = 532 nm)
[Fig. 4(a)].
First measurements were done on a 1-m long Du-
raluminum tape of thickness d = 0.5 mm and width
b = 20 mm. A significant displacement is detected for
more than 3 ms after the laser impact Fig. 4(b). This
duration is mostly due to the reflections at the tape ends
of edge modes similar to those measured by Jia et al.42
During the first 100 µs (inset) a typical waveform is ob-
served with the first arrival of the compressional mode
S0, followed by the first arrival of the shear mode SH0,
as well as a low frequency resonance. The Fourier trans-
form displayed in Fig. 4(c) highlights the first two ZGV
resonances: S′1S
′
2 at 0.127 MHz and A
′
2A
′
3 at 0.227 MHz.
Similar measurements were also performed on two
d = 2 mm thick tapes of width b = 25 or 30 mm. Normal-
ized spectrum are displayed in Fig. 5(a). For the three
tapes, the local resonance frequencies correspond to the
theoretical S′1S
′
2- and A
′
2A
′
3-ZGV resonances frequencies
calculated for a material of Poisson’s ratio ν = 0.332
[Fig. 5(b)] which is in good agreement with values gen-
erally found in the literature for aluminum alloys.
In order to confirm the origin of the resonances, the
source was translated along the strip over 350 mm to ob-
serve the different modes. A Bscan uy(x, t) was recorded
during 3 ms [Fig. 6(a)]. The signal is dominated by the
pseudo-Rayleigh waves (edge wave) and the first reflec-
tions at the tape end appear after 400 µs. An average
of 2D-Fourier transforms calculated on 450 µs sliding
time windows provides the dispersion curves. Several
modes are measured up to a frequency × width prod-
uct of fb = 4VT . The S
′
1S
′
2- and A
′
2A
′
3-ZGV points just
below the cut-off frequencies fb = VT and fb = 1.5VT as
well as the associated backward modes are clearly identi-
fied and in good agreement with theoretical curves. The
temporal Fourier transform of the displacement profile
uy(x, f) is displayed around the S
′
1S
′
2-ZGV frequency
(Fig. 7). The interference pattern of the ZGV modes
is clearly observed at f = 84.85kHz and shown in the
top figure. The red dashed line is the damped cosine
function | cos(2pix/λS′1S′2)| × exp(−α|x|) where the ZGV
mode wavelength is λS′1S′2 = 103 mm and α is an ad-
justed damping parameter. This profile is in good agree-
ment with the numerical displacements field that will be
shown in the appendix.
IV. HARD AND SOFT RIBBON: COMPARISON
THROUGH NUMERICAL ANALYSIS
In order to complete these measurements, the finite-
difference time domain code Simsonic43 was used to sim-
ulate the propagation of low frequency in-plane modes in
a thin tape. The first calculation was achieved for the
Duraluminum tape similar to the one in the experiments
(L = 10 m, b = 30 mm and d = 2 mm). Then, we calcu-
lated the waves propagating in a soft ribbon of Poisson’s
ratio ν ≈ 0.5 with VT = 5 m/s, and VL = 1500 m/s
and of geometrical parameters L = 2 m, b = 20 mm and
d = 2 mm. The strips lengths were chosen large enough
to avoid mode reflections at the end.
In order to excite in-plane modes, a normal velocity
source with a constant profile along the thickness and
a Gaussian profile along the x-axis, was applied on one
tape edge. Then the velocity field Vy(t, x, b/2, 0) was reg-
istered along the opposite edge for −1 < x < 1 m, during
2 ms for the metal tape and 200 ms for the soft ribbon.
It is represented as function of dimensionless time tVT /b
and distance x/b Fig. 8(a) and Fig. 8(d). In both Bscan,
it can be observed that after two or three reflections of
the S0 mode, the stationary modes appear.
The 2D-Fourier transform of the field Vy(t, x, b/2, 0),
x > 0 is calculated and displayed with the theoretical dis-
persion curves calculated with the MK-model Fig. 8(b)
and Fig. 8(e). The modes having a non-zero velocity
component Vy are observed and are in good agreement
with the theoretical ones. For the solid strip, the two
backward modes S′2b and A
′
2b are clearly detected. In
the soft strip, the well generated S′2b backward mode ap-
pears as the continuation of the S′2 mode, confirming the
existence of a Dirac cone.
The frequency spectra of the velocity recorded at point
(x, y, z) = (0,−b/2, 0) opposite to the source center are
plotted Fig. 8(c) and Fig. 8(f). For the solid strip, the
three resonances are associated to the S0 mode cut-off of
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S′2b, A
′
2 and S
′
3, the other two are the S
′
1S
′
2- and A
′
2A
′
3-
ZGV resonances that were measured in the experiment.
The cut-off frequency resonances are well excited in this
numerical simulation because the source is normal to the
edge, which is in favor the S0 plate mode generation,
while a laser source in the thermoelastic regime mostly
generate a shear wave.44 For the soft strip, the S′1S
′
2- and
S′3S
′
6-ZGV resonances and the A
′
2 cut-off resonance dom-
inate. On the contrary, there is no significant resonance
at the S′2 (or S
′
2b) cut-off frequency. In fact, as shown by
Mindlin,5 at the Dirac cone the group velocity remains fi-
nite and is Vg = 2VT /pi so that all modes are propagative
and no resonance occurs.
V. CONCLUSION
The propagation of in-plane modes in thin rectangular
beams, corresponding to low frequency longitudinal L-
modes and bending Bx modes, was studied. Dispersion
curves were simulated and measured in metallic tape. A
good agreement was observed with theoretical dispersion
curves calculated with the Meleshko-Krushynska (MK)
model. The backward modes and the associated Zero-
Group-Velocity mode resonances were clearly observed.
We showed that these resonances do not depend on the
strip thickness and that the measurement of the two
lowest ZGV resonances can be used to determine the
strip material Poisson’s ratio ν. Non-dissipative soft
ribbons were then considered, showing that backward
modes exist at frequencies very low compared to the
longitudinal cut-off frequency. These backward modes
weakly coupled to the embedding fluid, could occur in
the tectorial membrane for example and the associated
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′
2-ZGV frequency. The top figure represents
the amplitude profile at the frequency 84.85 kHz (black) and
the theoretical damped cosine profile (red dashed line).
in-plane displacements may play a role in the complex
audition mechanism. However, theoretical studies should
be conducted to account for viscoelastic properties and
new experiments should be developed to measure guided
waves in soft strips.
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APPENDIX
Appendix A1: Displacement field at ZGV resonance
frequencies
For the Duraluminum, the velocity field (vx, vy) was
also recorded in the plane z = 0 and the in-plane dis-
placement field deduced by numerical integration. After
temporal Fourier transform of 1 ms signal, the in-plane
displacement distribution was observed at the first two
ZGV frequencies [Figs. A1(a)-A1(d)]. The displacement
components ux and uy are of the same order of magni-
tude and similar to those of ZGV Lamb modes.12
6 SUBMITTED TO PHYSICAL REVIEW B (2019)
LAURENT, ROYER, AND PRADA IN-PLANE ZGV MODES IN RIGID AND SOFT STRIPS
0 5 10 15
0
0.5
1
1.5
2
2.5
0
50
100
150
200
250
300
-50
-40
-30
-20
-10
0
-10 0 10
0
5
10
-0.1
0
0.1
0 50 100 150 200 250 300
0
0.5
1
0 5 10 15
0
0.5
1
1.5
2
2.5
3
0
200
400
600
800
-30
-20
-10
0
0 200 400 600 800
0
0.5
1
-10 -5 0 5 10
0
5
10
-2
0
2
kb
fb
/
V
T
kb
fb
/
V
T
tV
T
/
b
tV
T
/
b
x/bx/b
 f
 (
H
z)
M
a
gn
it
u
d
e 
(a
rb
. 
u
n
it
s)
 f
 (
kH
z)
M
a
gn
it
u
d
e 
(a
rb
. 
u
n
it
s)
f (Hz)
N
o
rm
a
lz
ie
d
 
 m
a
gn
it
u
d
e
N
o
rm
a
lz
ie
d
 
 m
a
gn
it
u
d
e
f (kHz)
(a)
(b)
(c)
(d)
(e)
(f)
Solid strip Soft strip
A
3
A
5
A
2
A
0
A
1
S
2
S
3
S
4
S
0
S
1
’
’
’
’
’
’
’
’
’
S
2b
’
A
2b
’
’
A
3
A
5
A
2
A
0
A
1
S
2
S
3
S
4
S
0
S
1
’
’
’
’
’
’
’
’
S
2b
’
’
S
6
’
S
1
S
2
’
S
2b
’
A
2
A
3
’ A2
’
S
3
’
S
1
S
2
’
A
2
’ S
3
S
6
’
S
2b
’
A
3
’’
’ ’
’
S
1
S
2
’ ’
’
S
1
S
2
’’
A
2
A
3
’ ’
-5 5 D
is
p
la
ce
m
en
t 
(a
rb
. 
u
n
it
s)
D
is
p
la
ce
m
en
t 
(a
rb
. 
u
n
it
s)
FIG. 8. Simulated in-plane mode propagation in a Duraluminum tape of parameters L = 10 m, b = 30 mm, d = 2 mm,
VL = 6400 m/s, VT = 3140 m/s (left) and a soft ribbon of parameters L = 2 m, b = 20 mm, d = 2 mm, VL = 1500 m/s,
VT = 5 m/s (right): normal edge velocity as a function of dimensionless time and distance (a) and (d); 2D-Fourier transform of
the normal edge velocity with superimposed theoretical dispersion curves obtained with MK model (b) and (e); local resonances
recorded at point (x, y, z) = (0,−b/2, 0) opposite to the source center (c) and (f).
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